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Abstract.--Improvements of s t a t i o n  coordinates and corrections 
t o  the  nonzonal harmonics of the  geopotential  were 
computed from a combined dynamical and geometrical 
method using standard least-squares procedures. 
Optical  t racking of a r t i f i c i a l  s a t e l l i t e s  &gainst  the star background 
leads t o  absolute space d i rec t ions .  I n  the geometrical method these direc-  
t i o n s  a r e  used, together  with distance measurements, for r e l a t i v e  posi t ion 
determinations of t racking s t a t i o n s .  
obtained by the dynamical method. 
coincides herein with the gravity center  of the Earth - coef f ic ien ts  of 
f irst  degree i n  t h e  geopotential function a r e  put t o  zero - while t h e  
sca l ing  i s  introduced by the  geocentric grav i ta t iona l  constant. 
Absolute s t a t i o n  posi t ions a r e  
The or igin of the  coordinate system 
Extensive descriptions of the dynamical and geometrical method can 
be found i n  Izsak (1964) and Veis (1%311).~ 
considered only f o r  a simpler developmnt of the theory used in the jo in t  
least-squares  adjustment of both methods. 
The following out l ines  are 
Dynamical method 
By analyzing the motion of a r t i f i c i a l  s a t e l l i t e s  i n  the  grav i ta t iona l  
f i e l d  of t h e  Earth, Izsak determines the nonzonal harmonics of the geo- 
p o t e n t i a l  together  with corrections t o  the rectangular Cartesian s t a t i o n  
h h i s  work was supported i n  p a r t  by grant N s G  87-60 of the National 
Aeronautics and Space Administration. 
G e o d e s i s t ,  Smithsonian Astrophysical Observatory, Cambridge, Massachuse-Lts. 
3For f u r t h e r  l i t e r a t u r e ,  see references . 
. 
coordinates. If w e  c a l l  AU. and AW. the  along-track and across-track 
res idua ls  (Izsak, 1962), as obtained by a d i f f e r e n t i a l  o r b i t  improvement 
1 1 
program (Gaposchkin, 1964), and similarly Au and Aw. t h e  t h e o r e t i c a l l y  i 1 
expected values 
(n  = 2, 3 ..; 1 s m ~ n )  (1) 
wherein 
S = nonzonal harmonic coe f f i c i en t s  (m # 0) , ‘nm7 nm 
AXv = coordinate corrections t o  t h e  jth s t a t i o n  
j 
(v  = 1, 2, 31, 
then t h e  most probable so lu t ion  f o r  C, Snm 
overdetermined system with normal e r ro r  d i s t r ibu t ion ,  by minimizing t h e  
weighted squares sum 
and AX: i s  obtained, i n  an 
J 
This i s ,  however, equivalent t o  adjusting a l i nea r i zed  version of equation (1) 
with 
A = coef f ic ien t  matrix of t h e  l inear ized  equation (l), 
B = observation vector (AUi, AWi) 
V = f i n a l  r e s idua l  vector (Aui - AU,, Awi - AWi), i n  radians, 




s o  t h a t  we get  
I APA x = A'PB ( 'sign for transposed matrix), \-., - uc 4.6, (4) 
, or abbreviated 
I N X =El , (5) 
-1 -1 
with the obvious i d e n t i t i e s .  
ment computation f o r  the along- and across-track residuals .  
The weight matrix2 i s  used i n  t h e  adjust-  
Geometrical method 
Orbi ta l  e f f e c t s  such as a i r  drag, solar rad ia t ion  pressure, f u r t h e r  
p a r t s  of atmospheric refract ion,  e t c . ,  can be ignored i f  the s a t e l l i t e  i s  
observed simultaneously from p a i r s  of tracking s t a t i o n s .  If j i s  the  one 
t racking s t a t i o n ,  then the other  s t a t i o n  k most l i k e l y  appears i n  a direc-  
t i o n  (cos p .  ) 
"planes" i obtained by simultaneous observations i s  a 
we have: 
V 
i n  which the  weighted square sum of the  distances t o  t h e  
Jk  
minimum. In  detail  
i V 
(cos ajk)v (cos Pjk) = V i k ,  (summation over the  same indices 
v with V = 1, 2, 3 )  ( 6 )  
I with  t h e  condition 
herein are 
i V  
I COS CX ) = di rec t ion  cosines 
= unknown di rec t ion  cosines between t h e  two s t a t i o n s  j and k, 
of t h e  normal vector t o  t h e  observed plane i, ( jk 
(cos Bjk) 
V 




or  introducing approximate values p we a l s o  can wr i te  equations (6) and 
jk  
(7) 
I with  
V - Y' = (A cos p . )" and (cos p . 1" = (cos pjk) + (y)" , 
Jk Jk 
I The minimization process f i n a l l y  gives : 
wherein P is the weight lnatrix used i n  the adjustrnent computation. 
Equation (9) is  a subroutine of a space t r iangulat ion program developed by 
the  author.  
method wi th  the dynamicalmethod, we have only t o  divide the matrix $ b y  
the preliminary chord-distance S 
the  coordinate corrections AXk - AXj (see a l so  equation (.1)). 
leads t o  t h e  following normal matrix: 
.I... 
To use these r e su l t s  f o r  a combination of the geometrical 
and subst i tute  f o r  Yv t he  difference of 
v j k V  
This s tep  
1 = Lagrange mul t ip l ie r .  
4 
-4- 
.., A ‘PA -- A ‘PA 








which has the  same s t ruc ture  of the solution vector as equation (4) and/or 
(5) . The empty space i n  (10) is  considered t o  be f i l l e d  with zeros. 
Combination of the geometrical and dynamical me.thod 
The simplest way t o  combine the geometrical and dynamical method 
i n  an adjustment computation i s  the immediate use of their individual  
r e s u l t s  r a the r  than t h e i r  o r ig ina l  observations. We consider f o r  t h i s  
purpose a system of observation equations 
~ 
4A.m A X = B + V  YIV % ’ &  p ,  
wi th  
u A = ( l inear ized)  coeff ic ient  matrix, 
X = solut ion vector, 
B = observation vector,  
Y V = res idua l  vector, 





and s p l i t  (11) up i n t o  par t i t ioned  matrices 











- . %  0 
.., 0 . 0  *I) 
P . 0  -P - 
0 . P  -n - 
If we apply a least-squares procedure, equation (l2) i s  transformed t o  
o r  shortened 
Ident i fy ing  IJ~ = 1 with  the equation system (5) and P > 1 with the corresponding 
normal equations (10) we have herewith solved our problem. 
vector X call he f i n a l l y  :mitten: 
The so lu t ion  
I )  
In  t h i s  j o i n t  least-squares procedure t h e  sca le  and t h e  pos i t ion  of t h e  
coordinate o r i g i n  are, of course, t h e  same as i n  the  dynanicalmethod. 
5 
assumming that  we have simultaneous observations between n-1  p a i r s  of s t a t i o n s .  
-6 - 
Weighting of the  two methods 
I n  t h e  previous section we assumed t h a t  t h e  weights of t h e  geometrical 
and dynamicalmethoas a r e  known. T h i s  is  i n  most cases only t r u e  f o r  the  
individual solutions.  The weight proportion of both systems, however, may be 
6 determined from t h e  standard deviations of t h e i r  observations which w e  c a l l  
similar t o  the previous notation D ~ ,  o *... .o . . ..ci . If we normalize 
the standard deviations so t h a t  B1 = 1 , t h e  weights of the  dynamical 
system remain unchanged w h i l e  the weights of t h e  geometrical systems a r e  






the combination, that is ,  i n  equations (12) t o  (15) .  
Additional remarks 
The standard deviation of Izsak 's  f i n a l  residuals  has a magnitude 
of 7.9 seconds of a r c .  Compared herewith the  individual  geometrical 
solut ions show smaller values, o s c i l l a t i n g  i n  t h e  range between 1" and 2". 
This means t h a t  the mathematical models i n  both methods f i t  the 
geometrical pax% b e t t e r  than the dynamical one.7 
as a i r  drag, solar rad ia t ion  pressure, secular  perturbations of g r a v i t a t i o n a l  
o r i g i n  
in the  dynamical method, while these same e f f e c t s  a r e  compensated or 
eliminated i n  t h e  gem~+,r ical  metliod. It IS +Lnr.ncn= ~ ~ I L - L C - I V L L  Gf p a r t i c u h r  
importance in t h e  dynamical solut ion t o  have wel l -dis t r ibuted observational 
material t o  zero out the above'-mentioned influences . 
O r b i t a l  influences such 
and p a r t s  of atmospheric refraction, e t c  ., are empirically determined 
In t h e  j o i n t  a d j u s t m n t  computation we assumed a normal d i s t r i b u t i o n  
of t h e  f inal  residuals,  because only without a systematic d i s t o r t i o n  can 
as obtained from the  remaining residuals of t h e  individual  solutions.  6 
7The camera observations i n  both methods a r e  of t h e  same accuracy. 
-7- 
8 
one expect reasonable r e s u l t s  i n  the  sense of least-squares procedures. 
The combination gives the absolute posi t ions of the  t racking 
s ta t ions  with the help of the  dynamical part, f o r t i f i e d  i n  t h e i r  
r e l a t i v e  posi t ion by the  geomtri.ca1 solut ion.  
I Numerical r e s u l t s  
1) Coordinate system 
The or ig in  of t h e  rectangular Cartesian coordinate system coincides 
with the  gravi ty  center of the  Earth while the  x-axis ( i n  the meridian plane 
through Greenwich), the  y-axis 
t h e  north pole)  form a right-handed system. 
and t h e  z-axis ( revolut ion axis pointing t o  
Kaula points  out i n  h i s  paper (Kaula, 1965) t h a t  a longi tudinal  s h i f t  
of the Baker-Nunn coordinates m y  occur i n  Izsak's dynamical solut ion.  
Such an  e f fec t  could be eliminated by i t e r a t i v e  use of the  combined 
s o l u t i o n  i n  the pure dynamical method (absolute or ien ta t ion  of the track- 
i n g  network). 
d i s t o r t i o n  which would show up especial ly  i n  t h e  g2 component of the 
well-determined d i rec t ions  (1-10), (1-12) and (4-10). (See graphs. ) 
8 
But a t  the present there i s  no h i n t  of such a systematic 
-8- 
2)  Observational mater ia l  
a )  Dynamical method 
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b)  Geometrical method 
- 
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-9 No. of simultaneous 

















See a lso Figure 2. 
The s imultanei ty  w a s  obtained by in te rpola t ion  of sets of near ly  simultaneous 
observations between p a i r s  of s t a t ions  ( V e i s ,  1963b). 
9 
-9 - 
3) Numerical reference system 
For t h e  numerical computations the  following reference system w a s  
introduced : 








































0.556 x loe6 
-0.683 x 
0.583 x 
Izsak (1964, p.  2630) gives t h e  normalization coef f ic ien ts  f o r  a transformation 
t o  conventional harmonics. 
b )  Approximate s t a t i o n  coordinates 






















































2.242 -. 204 --  
length un i t :  lo6 meters 
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4) Izsak’s dynamical solution 
Izsak used for the along-track and across-track residuals equal weights 
( Izsak,  1965 b) . 
a) Improvements of the normalized nonzonal harmonic coefficients 
- - 





“31 0.148 x 
0.761 x AC 
Ac41 -0.111 x hs41 -0.108 x 
A% 2 0.648 x E42 0.208 x 
AC43 - 0.216 x lom6 AF43 -0.577 X lom7 
Ac44 -0.356 x E 4 4  0.241 x 
Ac22 - - 0.991 x 10-7 
0.126 x 10-7 
- - 
- “32 0.705 x 10-7 - 
0.302 x LOe6 
- 33 - 
- 
These values have to be added to the harmonic coefficients in 3a). 
b) Station corrections 
























- 9  
5 
-10 
- 1  
1 1 -11 
-12 -11 
length unit: meters 
The station coordinates are obtained by adding the coordinate improvements to the 
approximate station coordinates of 313). 
-11 - 
5) Individual  geometrical solut ions 
See equation (9). For weighting, we took t h e  i d e n t i t y  matrix. 
10 cos(x) 
Pa i r s  of 















0.553 300 1 
0.867 355 2 
0.965 436 9 
-0.795 298 8 
-0.326 794 6 
-0.441 424 8 
-0.627 4-85 7 
0.915 233 9 
0.911 044 8 
0.~98 444 7 
-0.202 183 4 
-0.631 058 3 
0.185 004 1 
-0.101 352 9 
-0.148 829 3 
-0.166 949 2 
0.559 030 4 
0.937 479 6 
-0.813 881 8 
-0.766 807 3 
0.388 005 5 
-0.412 179 1 
-0.004 081 1 
0.042 399 5 
0.487 136 8 
0.106 627 o 
cos(2)  
. -- 
-0.826 792 9 
-0.474 915 7 
-0.200 148 9 
-0.234 488 4 
-0.119 738 2 
-0.377 810 2 
-0.135 160 6 
-0.108 621 7 
0.010 286 o 
0.995 134 2 
0.978 429 4 
-0.853 505 3 
0-768 372 3 
-0.981 917 8 
-. - 
6) Weighting of t he  geometrical s y s t e m  against  ihe iijTiatiical system 
For t h e  individual  adjustment computations t o  each observation t h e  weight 
1 w a s  applied,  assuming t h a t  t h e  e r r o r  d i s t r ibu t ion  is  normal. I n  t h e  combination 
however we used t h e  following weighting system (see a l s o  page 7). 
V 










































































Ilong- and across - t rack 
..-.- - 52 488= 
















Multiplying t h e  a c t u a l  numbers of observations with t h e  weights i n  t h e  above table, 
' w e  obtain a f i c t i t i o u s  number of observations. Hence the  sum of the  dynamical 1 obs'ervations corresponds t o  t h e  sum of t h e  simultaneous observations as 2.7:l. 
7) 
The reference system i s  again 3a), 3b) 
Combination of t h e  dynamical and geometrical method 
a )  Improvements of t h e  normalized nonzonal harmonic coef f ic ien ts  
I - 









0.364 x - 
Ac31 0.151 x 
0.533 X "32 
0.324 x 33 
- 
- 
;''Each observation leads t o  an along- and across-track residual,  see page 2 . 
~ EThese weights a r e  u n r e a l i s t i c a l l y  high and w i l l  c e r t a i n l y  drop with more observations. 
-13- 
1 . 
- -0.112 x ns41 -0.111 x lo-6 '%l - 
0.652 x ns42 0.212 x 
'%2 - - 
AC43 - 
Ac44 
-0.633 x - 0.257 X lom6 ns43 As44 
0.217 X 
-0.404 x lom7 


























- 9  
- 2  
ite imp 
ay 










- 4  
-11 
meme n t  s 
AZ 
-17 





- 3  
- 25 
11 
- 1  
2 
-10 
length u n i t :  meters 
rnL - - - -- - -- - 
I L K  cuuldirlate bpi-o>-eixiits are of s.T;oii..t t h e  sme ~ ~ g n i t u d e  and a i r e c t i ? -  as 
already obtained f r o m t h e  dynamical solution. Point 9 w a s  mostly influenced 
by t h e  geometrical method, moving about 18 meters, followed by point 1 with 
14 meters, e t c . ,  r e l a t i v e  t o  the dynamical method. Stat ions 2 and 3 had no 
simultaneous observations and were therefore only s l i g h t l y l 3  varied or not a t  
a l l .  
followed by AT 
s e c t o r i a l  terms i n  each sec t ion  above 
- - 
The t e s s e r a l  harmonics ACql and ASbl point  out the  highest accuracy - 
AS31,etc. An accuracy decrease takes  place toward t h e  31' 
(see a l s o  Izsak, 1964 p. 2628). 
' b y  t h e  cor re la t ion  within the matrix-system . 
-14- 
8) Comparison of t h e  combined solution with t h e  individual  solutions 
a )  Direction cosines 
P a i r s  of 
stat  ions 
Solu- 
t i o n  
irection cosines 
cos y c o s ( 2 )  cos x 























































-0.795 297 9 
298 4 
298 8 



































C -0.627 485 5 
D l  484 9 
G 485 7 
GG 484 5 
C 0.915 236 4 
D 236 3 
G 233 9 
GG -- 
C 0.911 046 4 
6 -8 D 046 5 
4 -10 
5 -6 
G 044 8 
GG -- 
C 0.098 440 5 
D 436 0 7-9 
G 444 7 
GG 444 6 
C -0.202 180 3 
7 -10 D 180 9 
G 183 4 
GG 182 4 
C 0.184 994 9 
D 99L 2 
G 5 004 1 
GG 5 003 4 
C -0.631 055 3 
9-10 D 050 o 
G 058 3 
GG 059 3 
7 -11 
C 0.006 029 5 
D 031 9 
G 028 1 
GG 029 4 
9-11 
-16 - 
-0.766 807 1 -0.135 162 1 
807 3 163 6 
807 3 160 6 
808 4 159 2 
0.387 998 4 -0.108 626 1 
998 2 627 4 
8 005 5 621 7 
-- -- 
-0.412 175 3 0.010 295 3 
175 0 297 6 
1.79 1 286 o 
-- -- 
-0.004 085 5 0.995 134 6 
089 3 135 0 
081 1 134 2 
081 7 134 2 
0.042 401 6 0.978 429 9 
400 5 429 9 
399 5 429 4 
404 4 429 4 
0.487 136 2 -0.853 507 6 
135 7 508 o 
136 8 505 3 
137 4 505 0 
0.768 375 1 
629 4 378 8 
627 o 372 3 
0.106 625 8 
625 4 371 8 
0.189 212 5 -0.981 917 6 
214 7 917 1 
210 4 918 o 
211 9 917 8 
I C = combined solut ion (dynamical and geometrical method) 
D = dynamical method 
G = individual geometrical method 
I GG = geometrical method with plane conditions 
I 
The GG values were obtained from a combined solut ion of t h e  dynamical and 
I t h e  geometrical method by applying p a r t i c u l a r l y  high weights (ca. 10,000) 
t o  t h e  geometrical p a r t .  Hence simple direct ions without conditions resu l t  
i n  t h e  G values, while t h e  others a r e  adjusted according t o  t h e  plane 
conditions which e x i s t  between s e t s  of three s t a t i o n s .  
I b )  Graphs (pages 22-24) 
Using V e i s ' s  procedure ( V e i s ,  196311) w e  p lo t ted  t h e  above r e s u l t s  i n  
planes perpendicular t o  t h e  d i rec t ions  between p a i r s  of t racking s t a t i o n s .  
A l o c a l  coordinate system i s  defined by g and g wherein g represents  t h e  
horizon and g t h e  height i n  t h e  opposite s t a t i o n  as seen from t h e  other.  It 
1 2' 1 
2 
individual  solut ions (dynamical, 
geometrical) 
combined s olut  ion 
individual  and combined 
as shown i n  t h e  graphs 
solut ions 
Figure 1 . 
may be pointed out t h a t  the graphs give only a d i s t o r t e d  p ic ture  of the  
a c t u a l  s i t u a t i o n  i n  t h e  s t a t i o n  posi t ions.  
a d i rec t ion  (1-2)D 
(1-2) 
usually lead t o  a d i r e c t i o n  ( l -2 )c  (Figure 1 ). 
magnified p ic ture  which is  a r t i f i c i a l l y  produced by moving lG, 
one point.  
If we have, f o r  example, 
from t h e  dynamical solution and a corresponding d i rec t io i  
from t h e  geometrical solution, then t h e  adjustment computation w i l l  
G 
1 I n  our graphs w e  show a 
ID, 1C i n t o  i 
, 
I n  Figure 3 t h e  point f o r  t h e  combined solut ion l ies  Somewhere be- 
tween t h e  dynamical and t h e  geometrical solutions. 
seems t o  be d i rec t ion  (7-10). 
t h e  f a c t  t h a t  only 19 observations s tand  against t h e  t o t a l  of observations 
from t h e  surrounding points  t o  s t a t i o n s  7 and 10, respectively.  
The only exception 
I However, t h i s  r e s u l t  can be explained by 
The individual  geometrical solut ion of (1-7) falls  beyond the  frame of 
t h e  f i rs t  graph. All the  13  "planes" were nearly p a r a l l e l  and led  t o  a poor 
d i r e c t i o n  determination. Qui te  a reasonable r e s u l t  i s  obtained however from 
t h e  geometrical so lu t ion  (GG) which includes t h e  t r i a n g l e  condition. 
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